The present paper studies the symmetries of the Hubbard model of electrons with generally n-fold orbital degeneracy. It is shown that SU d (2n) and SU c (2n) symmetries hold, respectively, for the model with completely repulsive or attractive on-site interaction and that with partly attractive interactions. An extended LiebMattis transformation is given to map these two symmetries into each other. The subsymmetry SU d (e) (n) SU d (o) (n) is found to be shared by the two models with arbitrary chemical potential . By assuming at most two electrons on each site it is found that SU d (2n) P and SU c (2n) P both exist in each kind of the two models and consequently lead to a larger symmetry SU d (2n) P ϫSU c (2n) P . Another underlying symmetry (SU c (e) (2) P ϫ¯ϫSU c (e) (2) P ) (SU c (o) (2) P ϫ¯ϫSU c (o) (2) P ) is also revealed for the unified U model under the excluding. The symmetry is valid for the partially attractive model with chemical potential ϭϪU.
I. INTRODUCTION
Recently, considerable attention has been directed to studies on correlated electrons in the presence of orbital degrees of freedom, which is relevant to transitional-metal oxides, [1] [2] [3] [4] [5] C 60 materials, 6 and artificial quantum dot arrays. 7 Apart from the numerical 8 and perturbative 9 works, theories based on symmetries were presented for one-dimensional models of these systems. An SU(4) theory describing spin systems with orbital degeneracy was proposed 10, 11 for a theoretical understanding of the observed unusual properties. The ground-state phase diagrams for the system with a symmetry breaking of SU(4)→SU (2) ϫSU (2) were discussed in Refs. 9 and 12. For the two-fold orbital degenerate Hubbard model a recent paper 13 presented the SU(4) theory and showed the underlying SU d (4) symmetry of spin-orbital double and a charge SU c (4) symmetry with an extended Lieb-Mattis transformation mapping those two SU(4) generators into each other. On the basis of elementary degenerate perturbative theory, it was also shown that the effective Hamiltonian is equivalent to the SO (6) and SU(4) Heisenberg models, respectively, at half-filling and quarter-filling with strong coupling. In Ref. 14, the one-dimensional SU(4) Hubbard model is extensively studied on the basis of Bethe ansatz solution. As for the symmetry theory of the one-dimensional Hubbard model without orbital degeneracy, it has been well investigated. Yang introduced the pairing operators and so constructed the symmetry SU(2) ϫSU (2) . 15 Based on the symmetry Eßler et al. 16 discussed the completeness of the Bethe ansatz solutions, Pernici 17 showed the off-diagonal long-range order, Uglov and Korepin presented the Yangian symmetry Y (sl(2)) Y (sl(2)), 18 and Eßler and Frahm considered the density correlations. 19 And it has been argued that the two-dimensional single-band Hubbard model has approximate SO(5) symmetry. 20 But research on the Hubbard model with orbital degeneracy is still being accumulated. In the present paper we study the symmetries of the Hubbard model of electrons with generally n-fold orbital degeneracy. We show and clarify that the SU d (2n) and SU c (2n) symmetries hold, respectively, unlike in the simple Hubbard model for which both of the symmetries are valid, for the model with unified on-site interaction and that with partly attractive interactions. But 
The underlying symmetry is also valid for the partially attractive model with ϭϪU.
Consider the n-fold orbital degenerate electrons with states ͉1͘ϭ͉1,↑͘, ͉2͘ϭ͉1,↓͘,
where in a state ͉l,͘ l denotes the lth orbital component and ϭ↑,↓ label the spin components. We start with a general Hamiltonian with n-fold orbital degeneracy expressed by
where C a ϩ (x) creates a fermion of state ͉a͘ at site x and n a (x) is the corresponding particle number operator. The notation of site is not restricted to one-dimensional case.
II. SU D "2n… AND SU C "2N… SYMMETRIES
Besides the U(1) symmetry there exist two kinds of SU(2n) symmetries for the orbital degenerate Hubbard model. We define
they fulfill the commutation relations
These operators can construct an SU(2n) Lie algebra
͑5͒
with n(2nϪ1) of E ss Ј and there are totally (2n) 
where kϭ1, . . . ,n, mϭ1, . . . ,2nϪ1, f (x) 2 ϭ1, and f (xϩ␦)ϭϪ f (x) for any site x and nearestneighbor xϩ␦. The above-mentioned operators can realize another SU(2n) Lie algebra which we shall denote by SU c (2n):
͕Q m ͖ is the Cardan subalgebra. The F ␣ 2kϪ1 and F ␣ 2k are the generators related to the simple roots, other generators relating to positive roots can be obtained by F ␣ i ϩ␣ j ϭ͓F ␣ i ,F ␣ j ͔, the generators with negative roots will be F Ϫ␣ ϭ(F ␣ ) † . If we assume that the on-site coupling U aa Ј ϭU for the states labeled by a,aЈ with different spin components while U aa Ј ϭϪU for states with the same spin components U aa Ј ϭU for odd even pair a,aЈ, ͑8͒ U aa Ј ϭϪU for odd-odd or even-even pair a,aЈ, and the amplitudes t xx Ј of odd-neighbor hopping are real and those of even-neighbor hopping are imaginary
we will have the following relations:
If the chemical potential ϭU, the Hamiltonian will commute with all the generators of SU c (2n) so the model has the charge SU c (2n) symmetry. In terms of the partially attractive ͑8͒, it can be easily proved that such a Hamiltonian with ϭU has the half-filled form
͑11͒
The usual Hubbard model with the nearest-neighbor hopping is included in the class of ͑9͒.
Whether f (x) can be well defined depends on the lattice structures, if in a lattice any sum of the nearest-neighbor pair ␦ϩ␦Ј is not a nearest neighbor and there are even sites on every perpendicular direction, f (x) can be well defined as f ͑ x ͒ϭexp͑ i"x͒, ϭ͑,, . . . ͒, xϭ͑x 1 ,x 2 ,...͒. ͑12͒
x i is the ith components of the site coordinate in the lattice basis. Such lattices ͑bipartite lattice͒ can be simple squared, centered squared in two-dimension; simple cubic and body-centered cubic in three-dimension. For the one-dimensional case and even total sites, f (x)ϭexp(ix). According to ͑10͒ for U, F ␣ 2k and F ␣ 2kϪ1 are energy-shifting operators
where E is the eigenstate of the partially attractive Hamiltonian:
It should be noted that the SU d (2n) does not commute with the partially attractive Hamiltonian which has only the SU c (2n) symmetry, neither does SU c (2n) with the unified U model which possesses the SU d (2n) symmetry. The two kinds of symmetries can be mapped into each other by an extended Lieb-Mattis transformation
The transformation leaves the hopping term ͑9͒ invariant and changes the sign of U aa Ј with odd-even pair a,aЈ in ͑11͒ so maps the model ͑11͒ into the unified U aa Ј ϭϪU model.
The particle number of each state and the total spin can be expressed by
where N e is the number of total electrons. 
III. SU D
where
Surely for the case of unified U aa Ј ϭU we easily find that the above-mentioned commutation vanishes so that we have the SU d (2n) symmetry in this case, as obtained in the Sec. II. Although for the partially attractive model the above-mentioned commutator does not go null for all kЈs and consequently we do not have SU d (2n) symmetry, the case with even k will be an exception. From the partially attractive ͑8͒ we find for even k's U a,mϩk ϭU a,m ϭϪU,
Then Eq. ͑18͒ becomes (e) (n) SU d (o) (n) symmetry is shared by the two models both for arbitrary .
IV. AT MOST TWO ELECTRONS ON EACH SITE
The application of Bethe ansatz method to the one-dimensional degenerate Hubbard model is based on such an assumption that prevents scattering process involving three or more electrons on one site. 14, 21, 22 For the traditional Hubbard model the configurations of more than two electrons on one site are excluded automatically by the Pauli principle. In the continuum limit and for small densities or Uӷt in the lattice model, the unwanted configurations in degenerate Hubbard model become negligible, so the Hamiltonian with three-electron configurations excluded will describe the system well. If we exclude more than two electrons on each site, we will find that the Hamiltonian has both SU d (2n) P and SU c (2n) P symmetries and furthermore a larger symmetry SU d (2n) P ϫSU c (2n) P . In addition, we will find an underlying symmetry (SU c (e) (2) P ϫϫ SU c (e) (2) P ) (SU c (o) (2) P ϫ¯ϫSU c (o) (2) P ). Consider U aa Ј ϭU case, the Hamiltonian reads
where ͗x,xЈ͘ represents the nearest-neighbor sites and let us define
where the operator P projects onto the subspace of states having at most two electrons on each site. 22 Other generators are also modified from the SU c (2n) in Sec. II. The P operator excludes such terms as n s C s Ј ϩ C s Љ ϩ , C s C s Ј n s Љ with three different s,sЈ, and sЉ so that 
where Q m ϭPQ m P and the SU d (2n) generators are correspondingly revised to be
The commutation relations are also modified, E ss Ј and E tt Ј commute except for the case of s ϭtЈ and sЈϭt, other commutations remain the same. And it is similar for F ␣ . The two modified symmetries are not SU(2n), their subsymmetries involving only two states are SU (2) . It also can be similarly shown that both of the symmetries hold for the P-modified model with partially attractive U aa Ј ϭU, ϪU. As the two symmetries both hold for each of the models we can construct the larger symmetry SU d (2n) P ϫSU c (2n) P for each of them. If we do not exclude more than two electrons on each site, these two symmetries, respectively, belong to different models.
Besides SU d (2n) P ϫSU c (2n) P there exist some less obvious symmetries. Define
V. BRIEF SUMMARY
In summary, we studied the symmetries of the Hubbard model of n-fold orbital degenerate electrons. We show and clarify that the SU d (2n) and SU c (2n) symmetries hold, respectively, for the model with unified on-site interaction and that with partly attractive interactions. An extended Lieb-Mattis transformation is given to map these two symmetries into each other. But the subsymmetry SU d (e) (n) SU d (o) (n) is found to be possessed by the two models and both for arbitrary chemical potential . By excluding more than two electrons on the same sites we find the SU d (2n) P and SU c (2n) P symmetries both exist in each kind of the two models, so we have an enlarged symmetry SU d (2n) P ϫSU c (2n) P . Under this exclusion, another underlying symmetry (SU c (e) (2) P ϫ¯ϫSU c (e) (2) P ) (SU c (o) (2) P ϫ¯ϫSU c (o) (2) P ) is also found for the unified U model with chemical potential ϭU, and consequently this model has the symmetry SU d (2n) P ϫSU c (2n) P ϫ͓(SU c (e) (2) P ϫ¯ϫSU c (e) (2) P ) (SU c (o) (2) P ϫ¯ϫSU c (o) (2) P )͔. The underlying symmetry is valid for the partially attractive model with chemical potential ϭϪU.
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